Fusion data for 40 Ca+ 96 Zr are analyzed by coupled-channels calculations that are based on a standard Woods-Saxon potential and include couplings to multiphonon excitations and transfer channels. The couplings to multiphonon excitations are the same as used in a previous work. The transfer couplings are calibrated to reproduce the measured neutron transfer data. This type of calculation gives a poor fit to the fusion data. However, by multiplying the transfer couplings with a √ 2 one obtains an excellent fit. The scaling of the transfer strengths is supposed to simulate the combined effect of neutron and proton transfer, and the calculated one-and two-nucleon transfer cross sections are indeed in reasonable agreement with the measured cross sections.
I. INTRODUCTION
In this work we try to explain the fusion data for 40 Ca+ 96 Zr by coupled-channels calculations. The data were first measured by Timmers et al. [1] and they have been a challenge to theory for many years [2] , primarily because they are strongly enhanced at subbarrier energies (see Fig. 1 of Ref. [3] ) compared to the data for 40 Ca+ 90 Zr [1] and the more recent data for 48 Ca+ 90,96 Zr [4] . It has been suggested that the enhancement is caused by the influence of neutron transfer reactions because the ground state Q values for neutron transfer are positive for this system, whereas they are negative for the 90 Zr target (see Table 4 of
Ref. [1] ). The expectation that the couplings to transfer channels with positive Q values could lead to an enhancement of subbarrier fusion was first proposed by Broglia et al. [5] in an attempt to explain the fusion data for the Ni+Ni isotopes [6] .
We have previously tried to explain the fusion data for the Ca+Zr isotopes [1, 4] by coupled-channels calculations [7] . We found that the couplings to multiphonon excitations play a very important role in explaining the enhancement of the subbarrier fusion data. They appeared to be sufficient to account for the 40 Ca+ 90 Zr data but they were clearly insufficient in explaining the 40 Ca+ 96 Zr data. We tried to explain the latter data by introducing a strong coupling to two-neutron transfer reactions but the attempt was unsuccessful [7] .
In order to better understand the influence of transfer on the fusion of 40 Ca+ 96 Zr, the cross sections for one-and two-neutron transfer reactions were measured [8] [9] [10] . In this work we calibrate the one-and two-neutron transfer form factors so that the transfer data are reproduced by our coupled-channels calculations. We shall see that the subbarrier fusion is enhanced due to the couplings to the neutron transfer channels but the enhancement is not strong enough to explain the fusion data. A similar conclusion was recently reached by Scamps and Hagino [11] . In contrast, Sargsyan et al. [12] have claimed that the fusion data can be explained by considering the change in the deformation of the reacting nuclei after the two-neutron transfer has taken place.
We mentioned in our earlier work [7] that the effective ground state Q values for one-and two-proton transfer reactions are positive in 40 Ca+ 96 Zr collisions. The couplings to these reaction channels could therefore also lead to an enhancement of the subbarrier fusion cross sections. A rough estimate of the combined effect of the couplings to the neutron and proton transfer channels is to multiply the neutron transfer couplings with a factor of √ 2. We shall see that this simple estimate gives an excellent account of the fusion data. It also gives a fairly reasonable account of the measured one-and two-nucleon transfer cross sections, although a detailed comprehension of these data is outside the purpose of the present work.
The manuscript is organized as follows. The results of a previous analysis of the 40 Ca+ 96 Zr fusion data, and the challenges that remain, are summarized in the next section. The model that is used to describe the influence of inelastic excitations and nucleon transfer reactions on heavy-ion fusion cross sections is reviewed in Sec. III. The sensitivity to multiphonon excitations and multinucleon transfer reactions is investigated in Sec. IV, and the conclusions are presented in Sec. V.
II. SUMMARY OF PREVIOUS RESULTS
The formalism for the coupled-channels calculations we perform is described in detail, for example, in Sec. III of Ref. [2] . The formalism was applied in Ref. [7] to analyze the data for the fusion of the Ca+Zr isotopes [1, 4] . Most of the data were explained fairly well by considering multiphonon excitations with up to three-phonon excitations, and a relatively modest influence of nucleon transfer reactions. One exception was the fusion of 40 Ca+ 96 Zr which could not be reproduced at subbarrier energies, even when a very strong pair-transfer coupling was applied.
Another interesting feature of the analysis for the Ca+Zr fusion data is that most of the data were best reproduced by applying the so-called M3Y+repulsion, double-folding potential [7] . Having determined the densities of the reacting nuclei it is possible to predict the ion-ion potential. It turned out that the ion-ion potential that could be predicted for 40 Ca+ 96 Zr produced a Coulomb barrier that was much too high. The data were much better described by applying an ordinary Woods-Saxon (WS) potential, with a 1.5 MeV lower Coulomb barrier. Such a potential will therefore be applied in the following. [14] . The parameters of the calculations and the channels that were included are discussed in detail in Ref. [7] . The data for 40 Ca+ 96 Zr were recently supplemented with new measurements [13] . They are shown in Fig. 1 by the solid black diamonds and reach cross sections as small as 2.4 µb.
The two Ch-1 calculations farthest to the right in Fig. 1 In an attempt to explain the 40 Ca+ 96 Zr fusion data, the combined effect of multiphonon excitations and couplings to one-and two-neutron transfer reactions were included in Ref. [7] in Ch-84 calculations. The result is shown by the solid red curve in Fig. 1 . The WS potential and the strength of the pair-transfer coupling were adjusted to optimized the fit to the high energy fusion data. This procedure failed and resulted in the discrepancy with the low-energy data that can be seen in Fig. 1 . In the following sections we investigate what could be the reason for the failure.
III. COUPLED-CHANNELS CALCULATIONS
The WS potential that was used previously for 40 Ca+ 96 Zr [7] is adopted here for simplicity. We also use the same one-, two-, and three-phonon excitations that were used in Ref. [7] .
The calculation with one-and two-phonon excitations has 18 channels and is referred to as the Ch-18 calculation. The calculation with up to three-phonon excitations has 28 channels and is called the Ch-28 calculation.
The influence of transfer is modeled as first described in Ref. [15] . The model has since been used in several publications, including the study of multineutron transfer reactions in 58 Ni+ 124 Sn collisions [16] and our recent work on the fusion of Ca+Zr isotopes [7] . Since the calculations failed to reproduce the fusion data for [17] . This effective form factor is denoted f eff 1n (r). The coupling 1n|V |0n of the zero-and the one-neutron transfer channels is assumed to be proportional to f eff 1n (r),
where the strength F 1n is adjusted so that the one-neutron transfer data are reproduced.
The reason for this calibration is that it is very difficult to make a good absolute prediction of the one-neutron transfer cross section.
The couplings between the successive one-neutron transfer channels are also constructed by simple scaling of the form factor f eff 1n (r). The scaling factors that are used are motivated by the systematics of transfer reactions that was observed in Ref. [18] . The basic observation was that the Q value distribution for transfer reactions is a Gaussian that is centered at the optimum Q value, which is of the order of +1 MeV. The distribution has a maximum cutoff which is the Q value for the ground state to ground state transition.
The effective ground state Q value for the first one-neutron transfer is 0.61 MeV [7] . This means that only about half of the Gaussian Q value distribution is accessible because the optimum Q value is close to +1 MeV. The ground state Q value for two-neutron transfer is Q 2n = +5.52 MeV [7] . This implies that the full Gaussian Q value distribution is accessible to the second one-neutron transfer. The coupling between the one-neutron and the twoneutron transfer channels is therefore estimated by
All of the two-neutron transfer channels are lumped together in the coupled-channels calculations into one effective channel and the Q value of this channel is set to +1 MeV.
The coupling between the two-and three-neutron transfer channels is set to
The Q value for the ground state to ground state three-neutron transfer is also large and positive (Q 3n = +5.24 MeV), and one would therefore expect a scaling factor between 1 and the √ 2 in Eq. 3. The factor was set to the 3/2 in Refs. [15, 16] and that value is also adopted here. The effective Q value for the three-neutron transfer is set to +1 MeV in the coupled-channels calculations.
The model described above is calibrated so that the measured one-neutron transfer probabilities of Ref. In order to reproduce the two-neutron data shown in Fig. 2 , we supplemented the transfer couplings described above with the simple pair-transfer coupling originally introduced by Dasso and Pollarolo [19] ,
where U(r) is the nuclear potential. In calculations with up to three-neutron transfers we use the same expression, Eq. (4), for the coupling between the one-neutron and three-neutron transfer channels. The measured two-neutron transfer probabilities shown in 
B. Combined effect of excitations and transfer
The basic assumption of the model developed in Refs. [15, 16] is that inelastic excitations and the neutron transfer are independent degrees of freedom. In order to simplify the model it is therefore assumed that the excitation spectrum is the same in all of the mass partitions that are considered. This implies that if we use the 28 excitation channels mentioned earlier and combine them with up to three-neutron transfers, the full calculation will have 4*28 = 112 channels (Ch-112). If we only include up to two-nucleon transfers, there will be 3*28 = 84 channels (Ch-84).
The Ch-84 calculations that were performed in Ref. [7] are repeated here using the oneand two-neutron transfer strengths, F 1n = 1.6 and F 2n = 0.25 fm, that were calibrated in Ch-4 calculations to reproduce the measured one-and two-neutron transfer probabilities.
The results of the Ch-84 calculations are shown by the black dashed curves in Fig. 2 . It is seen that the transfer probabilities are insensitive to the excitations at minimum distances larger than 13 fm because they are essentially identical to the results of the Ch-4 calculation shown by the solid red curves. The results are different at smaller minimum distances where fusion can occur and where coupled-channels effects are large.
The fusion cross sections that are obtained in the new Ch-84 calculations described above are shown by the solid red curves in Fig. 3 (a) and (b). It is seen that the Ch-84 calculation does not reproduce the data at low energies ( Fig. 3(a) ), and it is slightly above the data at high energies ( Fig. 3(b) ). Assuming that the Ch-28 model of multiphonon excitations is realistic, it appears that the additional couplings to the one-and two-neutron transfer channels cannot explain the discrepancy with the measured fusion cross sections. A similar conclusion was recently reached by Scamps and Hagino [11] who also calibrated their transfer couplings to reproduce the neutron transfer data shown in Fig. 2 but underestimated the fusion cross sections at subbarier energies (see Fig. 11 of Ref. [11] .) We must therefore seek a different explanation for the discrepancy between theory and experiment. Sargsyan et al. suggested that the deformation of the reacting nuclei after the two-neutron transfer could explain the data [12] . However, they did not test the consistency of their model by comparing their calculations to the transfer data. We present in the next section what we believe to be a natural and consistent explanation, namely, that one should also consider the effect of couplings to one-and two-proton transfer channels.
C. Adjusting the transfer strength.
The discrepancy in Figs. 3(a) and 3(b) between the Ch-84 calculation and the data can be reduced by increasing the transfer strengths. This is clear because a stronger transfer coupling will enhance the fusion cross sections at low energies, and it will reduce it at high energies. Both features are evidently needed according to the solid red curves in Figs. 3(a) and 3(b). One motivation for increasing the transfer strengths is that the effective ground state Q values for the one-and two-proton transfers are positive according to Table III of Ref. [7] and couplings to these reaction channels could therefore have a significant influence on fusion. Another motivation is that the fusion data for 40 Ca+ 96 Zr and other heavy-ion systems were reproduced quite successfully by Pollarolo and Winther in applications of their semiclassical method [20] . The method includes the combined effects of surface excitations and nucleon transfer reactions, and it is likely that the success of the applications relied on the inclusion of both neutron and proton transfer.
We show in Figs. 4(a) and 4(b) a revised Ch-84 calculation in which the transfer coupling strengths were multiplied by a factor of √ 2, so that F 1n = 2.25 and F 2n = 0.355 fm. This simple scaling is a crude way of simulating the combined effect of couplings to neutron and proton transfer channels. It is seen that the revised Ch-84 calculation reproduce the data very well, both at low and at high energies. In fact, the average χ 2 is only 0.87, assuming a systematic error of 7%. The fit is much better than obtained in Fig. 1 with the old Ch-84 calculation of Ref. [7] , and with the new calibrated Ch-84 calculation that is shown in Figs. 
3(a) and (b).
The average χ 2 is shown in Table I It is very interesting that we were not able to reproduce the fusion data in the old analysis of Ref. [7] , where the assumed one-neutron transfer coupling was weak (F 1n =1) and the two-neutron pair-transfer coupling was adjusted freely (F 2n =0.5 fm). In contrast, While the couplings to one-nucleon transfer reactions can be calibrated or tested against transfer data, as it was done in Fig. 2 for the neutron transfer, the couplings to the successive transfers described by Eqs. (2) and (3) are uncertain or model dependent. This introduces some uncertainty in the strength of the direct pair-transfer, which in this work is described by Eq. (4) and is calibrated so that the combined effect of the successive transfer and the direct pair-transfer reproduces the measured two-neutron transfer data. This uncertainty was also discussed in Ref. [11] and needs to be resolved in the future.
Although the revised Ch-84 calculation shown in Fig. 4 is in remarkably good agreement with the data, it is useful to study the sensitivity to the multiphonon excitations and to the number of transfer channels because the parameters for these reaction channels are uncertain. The good agreement with the fusion data could therefore be accidental.
IV. DEPENDENCE ON MULTIPHONON EXCITATIONS AND TRANSFER
It is of interest to study the sensitivity of the calculated fusion cross sections both to number of multiphonon excitations and to the number of nucleon transfers that are considered. Ideally one would expect that the most complete calculation in terms of multiphonon excitations and nucleon transfer channels would provide the best fit to the fusion data. However, that may not be true in practice because of the approximations and model assumptions that have been made.
It is also important to test the consistency of the calculated fusion and transfer cross sections and to see if the calculation that provides the best fit to the fusion data can also account for the total one-and two-nucleon transfer cross sections that have been measured [8] . All of the calculations that are presented in this section are based on the WS potential that was described in the beginning of section III. The calculations that include couplings to transfer channels will be based on the revised transfer strengths: F 1n = 2.25 and F 2n = 0.355 fm that were proposed in subsection III.C.
The most obvious way to judge the qualities of the fits to the fusion data is to compare the 
A. Fusion cross sections
The calculated fusion cross sections are shown in Fig. 5 . The coupled-channels calculations shown in Fig. 5(a) are all based on the Ch-18 calculation that includes couplings to one-and two-phonon excitations. The Ch-54 calculation has up to two-nucleon transfers, whereas the Ch-72 calculation includes up to three-nucleon transfers as explained in subsection II.B. It is seen that the Ch-72 calculation gives the better fit to the fusion data, both at low energies and overall in terms of the χ 2 /N that is shown in Table I .
The coupled-channels calculations shown in Fig. 5(b) are based on the Ch-28 calculation that includes couplings of up to three-phonon excitations. It is seen that the Ch-84 and Ch-112 calculations provide better fits to the fusion data than do the Ch-54 and Ch-72 calculation that are shown in Fig. 5(a) . This implies that multiphonon excitations play a very important role in producing a good fit to the data. The same conclusion was reached in Ref. [7] for the fusion of the other Ca+Zr systems.
The χ 2 /N for the different calculations are compared in Table I . The values confirm that the calculated fusion cross sections are sensitive to both multiphonon excitations and to the three-nucleon transfer. The fact that the Ch-84 calculation and not the Ch-112 calculation gives the smallest χ 2 /N is unfortunate and seems to contradict the expectation that the most complete calculation should provide the best fit to the data. This unfortunate result may be the consequence of the approximations and model assumptions we have made. For example, the proton and neutron transfer couplings were assumed to be similar and their combined effect was estimated by multiplying the neutron transfer couplings with a √ 2.
This estimate may be too crude. In future work it would be desirable also to have detailed experimental information about the proton transfer reactions, so that one can treat the couplings proton transfer channels explicitly and calibrate their strengths to data.
B. Two-nucleon transfer cross sections
The one-and two-nucleon transfer cross sections measured at two energies [8] It is seen in Fig. 5(a) that the Ch-72 calculation, which provides the better fit to the fusion data, also gives the better fit to the measured one-and two-nucleon transfer cross sections.
The situation is different in Fig. Fig. 5(b) where the Ch-84 calculation gives the better fit to the fusion data whereas the Ch-112 is in better agreement with the two-nucleon transfer data. In both cases it is the larger calculation that provides the better agreement with the transfer data. This conclusion implies that it is important to consider three-nucleon transfer reactions if one wants to develop a realistic description of the two-nucleon cross section.
The measured one-and two-nucleon cross sections are compared to the calculated cross sections in Table II Overall, the Ch-112 calculation is in fairly reasonable agreement with the measured cross sections, except at the lowest energy where the calculated two-nucleon transfer cross section is about twice the measured value.
C. Barrier distributions
Another way of illustrating the sensitivity of the calculated fusion cross section to multiphonon excitations and transfer reactions is to plot the derivatives of the cross sections multiplied with the center-of-mass energy. The barrier distribution, for example, is defined as the second derivative [21] B(E c.m
and it is illustrated in Figs and Ch-112 calculations. It is seen that the Ch-84 distribution has two peaks at energies below the nominal Coulomb barrier, whereas the Ch-112 calculation has essentially only one very broad peak.
We saw earlier that the Ch-84 calculation gives the best χ 2 fit to the fusion data, whereas the Ch-112 calculation gives the best agreement with the transfer data. From the comparison of the measured and calculated barrier distributions it is not so clear which of the two calculations gives the best description of the data. A somewhat disturbing feature is that the measured distribution has three peaks below 100 MeV, whereas the calculations produce at most two peaks. It is not clear at the moment which reaction mechanism would produce the third peak of the measured distribution.
D. S factor for fusion
One way to emphasize the behavior of the fusion cross section at low energies is to plot the S factor for fusion. It is here defined with respect to a reference energy E ref as follows,
where η(E) is the Sommerfeld parameter. The results based on Ch-28 calculations are shown in Fig. 7 . It is seen that some of the calculated S factors exhibit oscillations at the lowest energies. The oscillations are sensitive to the depth of the pocket in the entrance channel potential and their amplitude can be reduced by choosing a deeper pocket. The fact that the S factors obtained from the data do not show any sign of an oscillation at the lowest energies may indicate that the pocket in the entrance channel potential is fairly deep.
The most impressive feature of Fig. 7 is the enormous enhancement of the calculated S factors with increasing number of channels when compared to the Ch-1 no-coupling calculation. Another interesting feature is that the data can be reproduced fairly well by calculations that use a standard WS potential with a diffuseness of a = 0.673 fm. There is therefore not any sign of a fusion hindrance at the lowest energies, at variance with what has been observed in the fusion of other heavy-ion systems [2] . The classic example is the fusion of 60 Ni+ 89 Y [22] where the data are strongly suppressed at low energies compared to coupled-channels calculations that are based on a standard WS potential. The hindrance has in some systems been so strong that the S factor developed a maximum. This is clearly not the case in Fig. 7 . 
V. CONCLUSIONS
In this work we applied and tested a model of heavy-ion fusion and transfer reactions that is based on the coupled-channels approach. The basic assumption is that excitations and nucleon tranfers are independent degrees of freedom. In the application of the model it is assumed that the excitation spectrum is the same in all of the mass partitions that are considered.
We applied the model to the fusion of 40 Ca+ 96 Zr which is known to be very sensitive to the couplings to multiphonon excitations and transfer reactions. We first calibrated the transfer couplings so that the measured one-and two-neutron transfer probabilities were
reproduced at large values of the minimum distance between projectile and target. We showed that the calculation that includes couplings to these transfer channels, as well as to multiphonon excitations with up to three-phonon excitations, cannot explain the fusion data but underestimates them substantially at low energies. A similar conclusion was reached in a recent work by Scamps and Hagino [11] .
In order to explain the fusion data we proposed to increase the strength of the transfer couplings. Such an increase is justified because the effective Q values for one-and twoproton transfers are positive and couplings to these reaction channels should therefore have an effect on fusion and enhance it at subbarrier energies. We assumed for simplicity that the neutron and proton transfers have similar effects on fusion and simulated their combined effect by multiplying the neutron transfer couplings with a factor of the √ 2. This estimate, combined with the influence of multiphonon excitations, turned out to produce a fusion cross section that is in remarkably good agreement with the data. Moreover, the predicted transfer cross sections are in fair agreement with the measured one-and two-nucleon transfer cross sections.
It is very interesting that we were not able to explain the 40 Ca+ 96 Zr fusion data in a previous work [7] , where the pair transfer strength was adjusted freely in similar coupledchannels calculations, without constraining the calculations by transfer data. The reason this approach failed must be that the assumed single-particle transfer strength was too small.
In future work it would be desirable to measure the neutron and the proton transfer cross sections in greater detail, as well as the cross sections for other reactions with small or positive Q values. It would, in particular, be useful to generalize the model we have used and treat explicitly the neutron and proton transfer channels, as well as other reaction channels that could have an influence on fusion. Such a generalization looks very promising in view of the present work. It should be feasible and fairly straightforward. in the 2nd and 3rd column. The first χ 2 /N includes all data points. The ∆E is the energy shift of the calculation that minimizes the χ 2 /N to the data, followed by the value of the minimum χ 2 /N .
The analysis includes a systematic error of 7%.
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